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Calculation of Supersonic Flows
with Strong Viscous-Inviscid Interaction

Mark Barnett* and R. Thomas Davist
University of Cincinnati, Cincinnati, Ohio

A procedure for the calculation of strong viscous-inviscid interactions in two-dimensional laminar super-
sonic flows with and without separation is described. The equations solved are the so-called parabolized
Navier-Stokes equations. The streamwise pressure gradient term is written as a combination of a forward and
a backward difference to provide a path for upstream propagation of information. Global iteration is utilized
to repeatedly update the pressure field from an initial guess until convergence is achieved. The numerical
scheme employed is a new alternating direction explicit (ADE) procedure, which is used as an alternative to
the more difficult to program multigrid strategy to accelerate convergence. Results are presented for flows

past two flat plate related bodies.

Introduction

HE calculation of supersonic flows in which rapid

changes in geometry or boundary condition occur often
requires techniques other than classical Prandtl boundary-
layer theory or other solution methods suitable for weakly
interacting flows. The reason for this is that at high
Reynolds number, rapid changes in geometry or boundary
condition induce large changes in the properties of the bound-
ary layer over a very short length scale. When this occurs,
the phenomenon of upstream influence, wherein information
is propagated in the upstream direction, becomes important.
This type of flow is referred to as a ‘‘strongly interacting’’
flow. Methods that treat such flows as initial-value problems
are not suitable because they are boundary value in nature,
in the predominant flow direction.

In this paper, a procedure for two-dimensional supersonic
strongly interacting flows is developed, which utilizes the
parabolized or reduced Navier-Stokes equations. We will
employ the former term here. For simplicity it will be as-
sumed that x and y are nearly streamwise and stream normal
directions, respectively. With special treatment of the
pressure gradient term dp/dx, in the streamwise momentum
equation, one can develop a procedure which is well suited
for calculating weakly interacting flows.!* In order to
calculate strongly interacting flows, a means for propagating
information in the upstream direction is required. This can
be satisfied by utilizing a forward difference for the stream-
wise pressure gradient. In subsonic flows, where upstream
influence is important even if the viscous-inviscid interaction
is weak, a forward difference of p, has been shown by
Rubin® to allow the calculation of such flows. Lin and
Rubin® later successfully applied forward differencing of p,
to a supersonic flow with weak interaction. In that study,
forward differencing was utilized throughout the flowfield,
including the supersonic flow. In the present technique for-
ward differencing of p, is applied only in the subsonic por-
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tion of the flowfield, which leads to more rapid convergence
than the use of a full forward difference everywhere.
Results are presented for flows over a compression ramp
and a parabolic bump on a flat plate. Comparisons with
results obtained using other techniques are provided.

Governing Equations and Boundary Conditions

Two techniques commonly utilized to calculate flows with
strong viscous-inviscid interaction are 1) to solve the full
Navier-Stokes equations or, 2) to employ the interacting
boundary-layer equations.

The solution of the full Navier-Stokes equations generally
entails a large amount of computer time and storage. The
equations are most often solved in unsteady form, marching
them in time until a steady state solution is achieved, if one
exists. This usually requires a large number of time steps.
Storage requirements are substantial because all unknowns
must be saved at every grid point, usually at two or more
time levels. In many problems, terms are retained which are
negligible from an order of magnitude standpoint. This is in-
efficient, mainly because the neglect of such terms can lead
to a system of equations solvable by more efficient
techniques.

The interacting boundary-layer equations suffer from
neither of the above disadvantages. However, if one wishes
to solve for supersonic flows wherein complex inviscid
phenomena are occurring, such as imbedded shocks, the in-
teracting boundary-layer equations in conjunction with a
pressure/displacement thickness interaction law are not
suitable. In addition, the most commonly solved forms of
the interacting boundary-layer equations do not include nor-
mal pressure gradients. This approximation is appropriate
for most flows unless one is considering a geometry with a
small radius of curvature or turbulent flows, cases for which
normal pressure gradients may become significant. This
poses no particular difficulty, however, since inclusion of the
normal gradient in interacting boundary-layer theory is
possible. For the aforementioned reasons, an alternative
method for strong interaction problems based upon the
parabolized Navier-Stokes (PNS) equations is developed in
this study.

The parabolized Navier-Stokes equations are obtained
directly from the full Navier-Stokes equations by deleting ap-
propriate terms. The deleted terms are determined from
order of magnitude considerations and from consideration
of the mathematical nature of the equations. The ultimate
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aim is to develop a composite set of equations which is valid
in both the viscous and inviscid portions of the flowfield.

The PNS equations are obtained from the full Navier-
Stokes equations by assuming the flow to be steady and
neglecting streamwise derivatives of viscous terms. The
physical interpretation of the latter approximation is that
streamwise diffusion is neglected in comparison to normal
diffusion. To comparable order of magnitude, it is consistent
to neglect all viscous terms in the normal momentum equa-
tion. The assumptions made with regard to the viscous terms
correspond to those which lead to the boundary-layer
equations.

The modifications to the previously described Navier-
Stokes equations constitute the usual parabolizing assump-
tions. The final approximation made to the governing equa-
tions is required when solving for weakly interacting flows to
remove the ellipticity, which is still inherent in the parabol-
ized Navier-Stokes equations. This ellipticity is due to the
streamwise pressure gradient term and its role in a strong
viscous-inviscid interaction. See Stewartson,” Davis and
Werle,® and Barnett,® for further discussion of this point.

The final approximation consists of splitting dp/dx into
two terms

ap ap op

ox @ dx +(1-e) ox ()
and dropping the last term. The factor w is determined in
such a way that the weak interaction procedure is well posed,
that is, the equations are mathematically non-elliptic. The
appropriate form for « was determined by Vigneron et al.*
to be

___ M for M<1 2
RN E @2
w=1 for M=1 (2b)

where M is the Mach number component in the x direction.
When solving for flows where the viscous-inviscid interaction
is strong, the term (1 — w)dp/0x is retained and forward dif-
ferenced, thus providing a path for upstream propagation of
information.

The governing equations, after application of the
parabolizing assumptions, splitting of the streamwise pres-
sure gradient term, and transformation to an appropriate
coordinate system, can be found in Ref. 9. For simplicity,
we will assume that we can work in Cartesian coordinates
where x and y are nearly streamwise and stream normal
coordinates, respectively. In this form the equations can be
written as

JE* oP oF oF

~=0 (3)
dx ax ay ay

where
E* = [pu,pu* + wp,puv, (pe, + p)ul’ (42)
P=10,(1-w)p,0,017 (4b)
F=[pv,puv,pv? +p,(pe, +p)vl " (4c)
F,=10,7,,,0,ur,, + vo,,+q,]" (4d)

representing the continuity, x momentum, y momentum, and
energy equations, respectively, in the vector notation
employed here. The quantities u and v are the velocities in
the x and y directions, respectively, p is the density, p is the
pressure, g,, and 7,, are the viscous stress terms given by

o,y = 2u(20, —,)/3Re (52)

Ty =p(U, +v,)/Re (5b)
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(prior to application of the parabolizing assumptions) and g,
is the heat flux term,

I 1
= T Ly
Re Pr(v—DM:,
where T is the temperature and Pr is the Prandtl number. All
quantities are nondimensionalized using the standard non-

dimensionalizations for high speed flow.? The Reynolds
number, Re, is defined by C

qy ©)

Re=pL ULL*/p3, M

where (*) denotes dimensional quantities. Closure is obtained
by employing the equation of state and using the Sutherland
viscosity law to relate the molecular viscosity to the
temperature.

The boundary conditions for the flows considered in this
study are given as follows. At the solid surface

u(x,y,) =v(xy,) =0 (®
T(xy,)=T,(x) (9a)
or
oT =0 9b
W(x;yb) = (9b)

In these expressions y, represents the value of y at the
body surface, T, the specified wall temperature, and 3/0n
the derivative in the body normal direction. Two possible
wall temperature conditions are thus considered, a specified
wall temperature [Eq. (9a)] or an adiabatic wall [Eq. (9b)].

At the outer (inviscid) boundary, a boundary is developed
that provides an alternative to the use of shock fitting!® or
freestream boundary conditions. The outer boundary is
assumed to be placed at a location sufficiently far from the
body to be in a region where linear theory (small disturbance
theory) applies. Linear theory allows one to write

u=U,+u’ (10)

where u’ <U,,. Letting df/dx represent the local streamline
slope at a boundary point and assuming that df/dx<1 it
follows that

ds
v=U,—— 11
dx {an
Using the small disturbance theory expression for the coeffi-

cient of pressure

C,=—2 12)
and the isentropic relations, the following expressions for the
conserved variables are obtained:

o=1-M2~u’ (13a)
pu=1+Nu’ (13b)
pv=—N\u’ (13¢)
1 1 ye2 M2
pe,=m+—2~ <7_1 - )u' (13d)

where v — (MZ —1)*. All of the variables have been written
in terms of one unknown, u’, thus constituting three bound-
ary conditions. With this linear theory boundary condition
the outer boundary can be placed very near to the edge of
the boundary layer for the geometries considered herein since
the bodies may all be viewed as perturbed flat plates. One
point which should be kept in mind is that one must avoid
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strong shocks crossing the outer boundary so that the
assumptions of linear theory are not violated.

If the present sixth-order system of governing equations is
solved using a general lower-upper decomposition procedure
developed to solve four second-order equations, then two
connection conditions (numerical boundary conditions) must
be applied, as discussed in detail in the paper of Barnett,
Davis, and Rakich.!?

Numerical Method

The governing equations, in practice, are transformed to a
computational (£,5) plane where the body surface maps to a
constant coordinate, and finite differencing can be per-
formed over constant mesh intervals. This topic will not be
discussed here; one can refer to many papers where this pro-
cedure is detailed.*° Once the equations are transformed, the
parabolizing assumptions can be introduced in the ap-
propriate streamwise/stream normal coordinates. The equa-
tions are then written in finite-difference form. In this study
they are solved using an implicit finite-difference scheme
with quasilinearization performed about the previous solu-
tion station. The numerical method has a truncation error
which is 0(A£,An?). For details of the finite-difference
scheme see Refs. 9 and 10.

It was mentioned earlier that in solving for weakly
interacting supersonic flows, the term P in Eq. (3) is dropped
to obtain a well-posed initial-value problem. In solving
strongly interacting flow problems, this term will be retained
and forward differenced, providing a path for upstream prop-
agation of information. In doing so, an iterative method
will be required since the downstream pressure field is not
known at the outset. A guess will be needed for the subsonic
pressure field, which is subsequently updated until a con-
verged solution is obtained. In addition, an outflow bound-
ary condition is necessary to satisfy the boundary-value
nature of the strong interaction problem.

We will now develop the alternating direction explicit
(ADE) method for use in solving the supersonic strong in-
teraction problem. We note that at the same time as the
ADE method was developed for the PNS equations it was
applied to the solution of the interacting boundary-layer
equations by Davis.!!

We write the streamwise pressure gradient in the form of
Eq. (1), but we append a fictitious unsteady term to permit
information to propagate upstream through the subsonic
portion of the boundary in a hyperbolic manner.

ap ap [ op op ]
(11— =
ox @ ax T1=w) ax ot (14

This procedure is similar to what is done in interacting
boundary-layer theory where a fictitious unsteady term is
appended to the second derivative of the displacement
thickness.!?

Next, Eq (14) is written as a two step ADE procedure as
follows. ;

First step:
ap pi-ph, [p?+1—p,’-’ pf‘—p*’]
— =t Tlaa- - ! 15
ax A AT T At (15)

In this equation the current solution station is denoted by the
index i. The superscript » denotes the old time level and (*)
the intermediate time level at which the first step solution is
obtained.

Second step:

— =W
ax Ax

) *_p* ntl_ prtl ntl_ ¥
p _ pi-pi 1+(1_w)[p,+1 Pt p,] (16)
Ax At

SUPERSONIC FLOWS WITH VISCOUS-INVISCID INTERACTION 1951

In both the first and second steps of the ADE procedure,
the rest of the terms in the PNS equations are written at the
(*) level. This allows one to develop the following expression
involving only the pressure by equating the relationships
given by Eqgs. (15) and (16):

pla—pi  pi=pl _ pii-pitt pit'-p! (17)

Ax At Ax At
Equation (17) is solved as the second step of the ADE pro-
cedure by marching from the downstream boundary to the
upstream boundary. This simple technique serves to prop-
ogate information upstream in a relatively rapid manner.
The first ADE step is implemented in the usual way in which
the weak interaction (one pass) PNS procedure is, sweeping
from the inflow station downstream to the outflow bound-
ary, with the streamwise pressure gradient term given here by
Eq. (15).

To completely specify the strong interaction problem, an
outflow boundary condition is required for the pressure.
Two alternatives are considered here. Both assume that the
outflow boundary is sufficiently far downstream to be in a
weakly interacting region of the flow.

The first outflow boundary condition assumes that the
streamwise pressure gradient is zero at the outflow bound-
ary. This is implemented by setting the forward difference of
the pressure gradient equal to zero. If the zero pressure gra-
dient condition is combined with Eq. (17) at the outflow
boundary, we obtain a zero pressure gradient with the
pressure level effectively extrapolated in time.

The second outflow boundary condition assumes that the
displacement thickness 6* grows such that

5* ocVx (18)

which is the result of classical Prandtl boundary-layer
theory. Using Eq. (18) and the relationships of linear theory
after defining the nondimensional pressure as p=pk
+pX U2, we may write

1 1 /dy d?y
p:-zxpx'f‘TYM—z‘f'T(Eb“sz dx2b> (19)

where A= (M2, — 1) and dy,/dx and d2y,/dx? are the body
surface slope and second derivative, respectively, at the
outflow boundary. Equation (19) can be combined with Eq.
(17) evaluated at the outflow boundary to solve for p there,
giving the final form of this outflow boundary condition.

It was found that either of the two outflow boundary con-
ditions can be used with virtually no difference between the
resulting solutions in the strong interaction region of the
flow, provided the boundary is far enough downstream.

A few notes are appropriate at this point regarding the ap-
plication of the ADE method. First, because dp/dt is
multiplied by (I -w), the unsteady term does not contribute
in the first step of the ADE procedure wherever the flow is
supersonic. Second, w can be evaluated either from the
previous iteration at / or lagged at i—1 using the current
iteration value. This should not be critical, provided w is not
varying rapidly with x. Third, although Eq. (3) is not written
to reflect this, we do not split p itself using w. In the
numerical scheme we split p, as expressed through Eq. (1).
In addition, just as the outflow boundary is placed
downstream in a weakly interacting region of the flow, the
upstream boundary should be placed in an upstream region
of weak interaction.

It is important to recognize that, since we are solving for
strongly interacting laminar flows, the scalings which apply
are those which govern the triple deck.”!>!* Thus, the mesh
employed for the numerical calculations should be specified
so as to honor those scalings. Specifically, the streamwise
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scaling is of O(Re~”) and the normal scaling at the wall is of
O(Re™ ).

It is desirable to be able to calculate separated flows with
the present computational method since they constitute an
important class of strongly interacting flows. Solution
methods for the PNS equations are known to be unstable
when forward marching in regions where u is negative. There
are several alternatives for stabilizing the solution. The most
accurate procedure is to forward difference convective terms
when u is negative. For the flat plate related bodies con-
sidered here, the reversed flow velocities are always small.
Therefore, simpler approximations were employed for con-
vective terms in this study. Three alternatives were con-
sidered. When u is negative we can either set u= lul, u=0, or
drop all convective terms. The last alternative may appear to
be a severe approximation, however Davis!® showed it to be
reasonable provided the negative u velocities remain small
throughout separated regions. All three methods were found
to give similar results for the cases considered herein.

One final point is considered before discussing the
numerical results obtained in this study. It is necessary to
modify the forward difference of the streamwise pressure
gradient term when there is a discontinuity in the body slope,
as in the sharp compression ramp and bump geometries.

For the actual calculations, the governing equations are
transformed to strong conservation form. The mesh used is a
skewed Cartesian mesh, illustrated for a compression ramp
in Fig. 1. The £ coordinate lines have a slope discontinuity at
x=1.0. The £ coordinate is assumed to be nearly streamwise
so that in practice, p; is split as in Eq. (1) instead of p,.
Since a fraction of p; is finite differenced across the coor-
dinate discontinuity, a ‘“‘jump condition’’ is required.

The appropriate jump condition is obtained in the follow-
ing manner, assuming that p, p,, and p, are continuous
across the discontinuity. In strong conservation form we may

write
pe=J [ <$x%> : + <nx%) ] (20a)

n

() +62)]

7

where J is the Jacobian of the geometrical transformation
and is continuous across the coordinate discontinuity. Let-
ting (—) and (+) denote the locations immediately upstream
and downstream of the corner, respectively, we may write

pi=pys (21a)
py=py; (21b)

For the present coordinate system £=£(x), therefore, one
can obtain the relationship

(62, = (e2), ~0se-vion, @

where the last term constitutes the jump condition across the
corner and is appended to the bracketed terms in Eq. (14) at
the corner station. The quantity y;.—y;, represents the
jump in the body slope across the corner. See Ref. 9 for a
more detailed discussion of the jump condition.

One can apply the jump condition at the (*) level in both
steps of the ADE procedure. In doing so, the jump condition
will appear only in the first ADE step (implicitly), dropping
out of the second when Eqgs. (15) and (16) are combined to
obtain Eq. (17).

The application of the ADE procedure can be summarized
in the following steps:

1) Guess subsonic pressure field.
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Fig. 1 Typical grid for compression corner problems.
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Fig. 2 Sharp compression ramp results; effects of stepsize, p,, vs x.

2) Solve PNS equations with streamwise pressure gradient
given by Eq. (15). The solution is marched downstream from
the upstream boundary. Pressure at the intermediate time
level p* is obtained.

3) Solve for pressure at the latest time level, p"*!. Solu-
tion is obtained by solving Eq. (17) starting at the
downstream boundary and marching upstream.

4) Check the solution for convergence by monitoring the
magnitude of the difference between p” and p"*! in the sub-
sonic flowfield. If it is found to be above a specified
tolerance, steps 2-4 are repeated.

Results

The present ADE solution method for the parabolized
Navier-Stokes equations was employed to calculate the
laminar supersonic flows over two geometries. The
geometries considered are a compression ramp with a sharp
corner and a parabolic bump on a flat plate.

The compression ramp results for wall pressure and skin
friction are shown in Figs. 2 and 3 for three stepsizes, Ax.
The conditions for this case are a freestream Mach number
of 3.0, a Reynolds number based on the corner location of
1.68x10*, T,/T,=2.8, and a freestream temperature of
390°R. For this and all subsequent cases the molecular
Prandtl number is assumed to be equal to 0.72 and the ramp
angle is 10 deg. The sensitivity of the solution to Ax is evi-
dent in these figures. However, as Ax—0, the results show
the typical behavior of separated compression corner flows
with a tendency toward a pressure plateau at the corner and
a secondary decrease in wall shear after the corner. Figures 4
and 5 show a comparison of the PNS solution on the finest
mesh (Ax=0.00535) with the second-order accurate full
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Navier-Stokes solution of Carter.'® The qualitative agree-
ment is good. Extrapolation of the first-order accurate PNS
solutions to zero stepsize (second-order accuracy) would
probably yield good quantitative agreement, as well.

The full Navier-Stokes solution of Carter!® was obtained
using a constant Ax of 0.0214 and 28 grid points in the body
normal direction. Convergence to three decimal place ac-
curacy was obtained in approximately 2200 time steps. The
PNS solution obtained on the finest mesh employed 55 nor-
mal grid points and converged to a maximum relative change
in the pressure of 1x10-% in an order of magnitude fewer
iterations than the full Navier-Stokes solution, approximately
300 iterations.

Supersonic flow over a parabolic bump was also
calculated. The flow conditions are M, =2.0, Re=15 million
based on the starting location of the bump, an insulated
wall, and a freestream temperature of 300°R. The bump
geometry is given by

Yp(x) =0 forx<l
Yp{x)=h(x—1)(c—x) forl<x=c
Yy (x) =0 forx>c¢ 23)

where ¢=1.02 for the present case. The value of ¢ is such
that a triple deck disturbance is provoked for the flow condi-
tions and bump heights A, chosen.

Figures 6 and 7 show the wall pressure and wall shear
distributions for various values of 4 between 0 and 5. As k is
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Fig. 3 Sharp compression ramp results; effects of stepsize, 7, vs x.
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Fig. 4 Sharp compression ramp; comparison of PNS and full
Navier-Stokes solutions, p,, vs x.
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increased the flow separates at the trailing edge. If # were fur-
ther increased, leading-edge separation would also occur.
Figures 8 and 9 show the comparison with a first-order ac-
curate interacting boundary-layer result of Davis!! for h=1.
Qualitative agreement is observed. When solutions using
both methods were obtained on a series of finer meshes, bet-
ter quantitative agreement was found as both solutions ap-
pear to be approaching approximately the same limiting
solution. All of the bump results were obtained with
Ax=0.001.

Figure 10 shows the ADE convergence histories for a series
of compression ramp calculations at various ramp angles.
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Fig. 5 Sharp compression ramp; comparison of PNS and Navier-
Stokes solutions, 7,, vs x.
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Convergence for the unseparated cases of ¢ =0, 0.5, and 1.0
deg is seen to occur in less than 40 iterations. The weakly
separated case of ¢ =1.5 deg converged in less than 60 itera-
tions. For ¢=2.0 deg, where the flow is more extensively
separated, convergence is considerably slower. The
“‘scalloped’’ form which the convergence history assumes is
due to the repeated cycling of the maximum error from the
rear of the separation bubble to the front of the bubble. All
of the cases were run at a constant value of Af/Ax=1.0. This
is not the optimal value, hence, more rapid convergence is
possible.
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Concluding Remarks

The ADE procedure presented herein has been applied to
several model problems and the results have been discussed.
The principal purpose of this study has been to develop and
demonstrate the numerical technique. Although it would
have been desirable to demonstrate the present procedure on
configurations for which experimental data is available, little
laminar supersonic data exists. The present method is not
limited to laminar flow, however, it was felt that introducing
the uncertainties associated with turbulence modeling in
order to compare with turbulent experimental data would
not have been productive in terms of evaluating the basic
numerical procedure. It is also noted that the technique
developed here is applicable to hypersonic flow, as has been
previously demonstrated for single pass PNS solution tech-
niques (e.g., Ref. 1). The inclusion of real gas effects might
have to be considered to properly reflect the physics of some
hypersonic flow problems.

The present ADE solution technique allows the parabol-
ized Navier-Stokes equations to be efficiently employed in
solving strong interaction problems. Computer storage re-
quirements are minimal because only the pressure needs to
be saved in a two-dimensional array, and only in subsonic
regions. The need for a higher-order accurate method is in-
dicated by the slow approach of the solution to the limiting
solution for Ax—0. Extension to three-dimensional flows ap-
pears to be reasonably straightforward and would yield even
more significant savings over full Navier-Stokes solvers than
for the two-dimensional flows considered herein.
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